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Classification of the Surfaces of Singularities of the 
Quadratic Spherical Complex. 

By C. L. B. Moore. 



In Vol. 1, page 381, of the Transactions of the American Mathematical 
Society, Professor P. F. Smith has discussed the surface of singularities of the 
general quadratic spherical complex. It is the aim of this paper to complete 
the classification of these surfaces as Weiler* has done for the quadratic line 
complex. Since spheres as well as lines can be represented by six homogeneous 
coordinates, Weiler's symbols and notations for the fundamental complexes 
are used, but no further use is made of line geometry. The properties of those 
surfaces which can be obtained from cyclides are investigated by means of the 
transformation used by Smith, and his transformation notation is adopted. 

(I)- 
First Canonical Form. [mill] 

i. n= 4+ af+ «!+ x»+ 4 + 4 = 0, 

F = a^x\ + a z xl + a 3 x\ + a 4 cr| + a 5 cc| + a^x\ = 0. 

This is the surface discussed by Smith. He showed that the surface has six 
double sphero-quartics. The 32 minimum lines are also double, for (A) =(DID) 
and (Z>) transforms a minimum line on a surface into two double minimum lines 
on the transformed surface.f (/) leaves the lines double. Hence the 16 mini- 
mum lines of the cyclide by {A) transform into 32 double lines of the trans- 
formed surface. 

* Math. Ann., Vol. VII, page 145. 

t See Roberts, " On Parallel Surfaces," Proceedings of the London Mathematical Society, Vol. IV, 
page 233. 
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These lines are arranged so that each line g is cut by six others, for a mini- 
mum line on the cyclide transforms into two intersecting lines on the trans- 
formed surface, and two intersecting minimum lines transform into two pairs of 
intersecting lines. Hence g and the five lines of the cyclide which cut it trans- 
form into two intersecting lines and five other lines cutting each one. 

Snyder* has shown that the surface of singularities of F is also the surface 
of singularities for the oo 1 complexes obtained by giving iT all real values in 

x i i x 2 _i_ ^3 _i x i i X a i ^6 — n 



h H- aj & + a 2 A; + «3 & + a 4 A; + a 5 & -{- a 6 
and that, consequently, the surface belongs to the congruences 






2. [(11)1111]. 



A + 4 , gg , aj , aj ar| 

"T" 7. , „ T 7 . . „ T 7 , i „ T 



& + Oj & -f- a 3 k + a 4 A; + a 5 & -f- «e 

In 1, if a^ = is the complex of points, the surface 111111 becomes the 
general cyclide.f The generators which belong to x % = have double contact 

with the surface. Hence [(11) 1111] becomes the points of ar 2 = which have 
double contact with the surface, i. e. the focal line (general sphero-quartic, c 4 ) 
which lies on the fundamental sphere of a; 2 = 0. 

By a general transformation (A) , the complex x 1 = inverts into a general 
complex and the focal line c i inverts into the surface of singularities of the sur- 
face [(11) 1111]. c 4 lies on a non-directed sphere s, therefore, its points invert 
into spheres which touch the two director spheres into which s inverts ; further- 
more, c 4 cuts each generator of s in two points which invert into spheres having 
a line in common with one of the directrices. Hence, the surface has two double 
directrices. It is of order and class 16, passes 8 times through K, the imaginary 
circle at infinity, the locus of centers is a quartic curve. The lines of curvaturej 
are spherical curves of order 16. There are two special ones of order 8 which 

* Bulletin of the American Mathematical Society, Vol. 4, page 152. 

t See Loria, "Ricerche intro alia Geometria Delia Sfera," Memorie di Torino, Vol. 36, ser. 2, 1884, 
page 75. 

\ Snyder, " Lines of Curvature," etc., American Journal, Vol, XXII, page 96. 
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are the locus of the points of contact of the generators with each of the direc- 
trices. From (2) we see that the surface may be generated in four ways as 
the envelope of <» 2 spheres, hence it has four developables of bitangent planes, 
and for the generation as the envelope of oo 1 spheres, the developable degrades 
into four planes. c 4 cuts the fundamental sphere of A in four points, hence the 
transformed surface has four nodes which lie on a circle. 

The complex A may be so chosen that the director spheres may be, (1) two 
spheres, (2) two points, (3) point and sphere, (4) point and plane, (5) plane and 
sphere, (6) two planes. In the last case, the lines of curvature and locus of cen- 
ters are plane curves. The directrices cannot have united position. 

If c 4 lies on the sphere s 1 , whose points invert into planes by (A), the surface 
becomes a developable circumscribed to a sphere along a sphero-quartic. In this 
case, the special complex which has s' for fundamental sphere, transforms into 
the complex of planes, i. e. one of the special complexes belonging to the con- 
gruence x x + kx % = 0, is the complex of planes, and since x 3 , x it » 5 , x 6 are in 
involution with it, they are plane complexes (fundamental sphere is a plane). 
The surface then belongs to that class of surfaces discussed by Smith in the 
Annals,* which we shall call Laguerre surfaces.^ It is the Laguerre transform of 
the quadric cone as may be seen by transforming x s into the complex of points. 
The fundamental complexes become 

x t + ix 2 = V!; x x — ix z = [i 1 ; x 3 , as 4 , x 5 , x a = £, 57, £, a,, 

and the surface is seen to be a cone. J 

By a general {E) , the cone becomes the surface described above. It is of 
order 8, class 4, the characteristics of the cuspidal curve are m = 12, r = 8, 
n = 4, d — 0, etc. The surface does not contain K. Spheres concentric with the 
director sphere cut the surface in lines of curvature, § hence the lines of curva- 
ture are of order 16. 

The cone has three planes of symmetry, therefore, it is sibireciprocal under 

* Annals of Mathematics, ser. 3, Vol. 1, page 153. 

t Laguerre surfaces may be defined as the envelope of planes belonging to a quadratic spherical complex. 
They may be derived from the quadric surfaces by means of an inversion in a plane complex. 

% The coordinates f, >;, f, A, pi, v are those used by Snyder in " Criteria for Nodes in Dupin's Cyclides," 
Annals of Mathematics, Vol. 2, June, 1897. 

% Snyder, "Lines of Curvature on Annular Surfaces." etc., American Journal of Mathematics, Vol. XXII, 
page 96. 
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three inversions and also % (the complex of points), hence the transformed sur- 
face is sibireciprocal under four inversions, and, consequently, has four double 
conies. This is the complete double curve of the developable. 

3. [(11)(11)11]. a 1 = a 2 , a 3 = a i , 

3% ~T %z i <X 3 -j- X i ■ 3% , X 6 — q 

k + a % k + a 3 k -j- a 5 & + a 6 

In 2, if x s = is the complex of points, the surface becomes the binodal 
cyclide, then [(ll)(ll)ll] is the focal line on the fundamental sphere of x t 
which, in this case, breaks up into two circles. By a transformation (A), the 
surface becomes two Dupin cyclides. They have in common two spheres of 
each generation, viz. the transform of the non-directed sphere on which the 
circles lie and the transform of their common points. The cyclides are so related 
that two nodes of one and two nodes of the corresponding generation of the 
other lie on a circle. 

If the sphere on which the circles lie is the sphere whose points transform 
into planes, the surface becomes two cones of revolution which have two com- 
mon tangent planes. 

4. [(11)(11)(11)]. 

a l — *H » % = a i > a 5~~ a 6' 

In 3, if »! = is the complex of points, the focal line on the fundamental 
sphere of x 2 breaks up into four minimum lines, therefore, the general surface 
consists of two Dupin cyclides which degrade into two skew quadrilaterals so 
related that each line of the first cuts one line of the second. These lines can 
be arranged into two groups of four non-intersecting lines such that any line of 
one cuts three lines of the other. 

For the Laguerre surface, each cyclide becomes two finite minimum lines 
and* the line at infinity in their plane counted twice. 



5. [(111)111]. a 1 -=a 2 = a. 



3 i 



Xj -\- x z -f- Xg , x\ _|_ a% I x e — o 
k -j- a x k + a 4 k + a 5 k + a 6 



■ By finite minimum line is meant a minimum line not lying in plane at infinity. 

34 
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If k = — % , we have 



^ = ^ = ^ = 0, -$- +-^_ +_^_ = o. 



1 
a 4 — a a ' a 5 — a 1 ' a B — a 1 



Hence the surface belongs to the series x x = x z = x 3 = , but the spheres of this 
series also belong to the series x i = x 5 = x 6 = and the spheres of the latter 
series are double, therefore, the surface of singularities consists of a Dupin 
cyclide counted twice. 

If x x = is the complex of points, the surface of singularities is a circle 
counted twice. By (A) this becomes a Dupin cyclide counted twice. 

The Laguerre surface is a cone of revolution counted twice. 

The complex [(111) 111] belongs to a series of five, the others being 
[(111)(11)1], [(111)12], [(111)(12)], [(111)3], which are formed by aid of an 
involution [2] between the spheres on a Dupin cyclide. We find the four 
special cases. 

1. Two double elements coincide. 

2. Three double elements coincide. 

3. Four double elements coincide. 

4. Two pairs of double elements coincide. 

We shall now show that the complex [(111) 111] consists of spheres which 
touch the corresponding spheres of a Dupin cyclide in an involution [2] . 

The complex may be written 

a t xl + a 6 xl -f a t a% = . 

Any sphere of this complex is, therefore, given by 

Va^ : Va 5 Xs : Va 6 x 6 = {i z — 1 : i {fj? + 1) : 2 i^> 

which divide the complex into a singly infinite number of linear congruences. 
Also, any sphere of the cyclide x x = x % = x 3 = is given by 

x 4 : xs : x 6 = f — 1 : % (p + 1) : 2p. 

All spheres of such a linear congruence touch spheres of the cyclide for values 
of p given by 

fr» - 1)( P 8 - 1) _ {£ + l)(p a + 1) + Vp =(K 
\fa 4 \Za B V« 6 
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If pi and p a are the roots of this quadratic we have 

, _ A/i _ I>u 2 + C 

91 + ?z ~ Uj? + D ' M>- qt + D' 



where 



^=■4-. ^=^ j-, d=^- + ' 



\/a 6 ' \/a 5 .</«i ' " V«5 V^ 



Hence, between p x and p a , the following equation exists: 

A 2 
(pi + p 2 ) 2 = (ffg _ ggjs (C— ^PipsXCpips ~ D )> 

which defines the general involution [2] . 

The complex is, therefore, obtained by establishing a general involution 
between the spheres of a Dupin cyclide and taking all the spheres which touch 
each pair of corresponding spheres. 

In the case [(lll)(ll) 1] a i = a 5 and, therefore, c = and the involution 
becomes 

A 2, 

(pi + pa) 8 = -jyr pips , 

and, therefore, has two pairs of coincident roots, two zero and two infinite. 
This is a cubic involution. 

6. [(lll)(ll) 1]. a 1 = a 2 = a 8 : a i = a 6 . 

The surface of singularities in this case belongs to 
(Xi + ia 5 )(a; 4 — *x 5 ) = x t = 0. 

It is a Dupin cyclide counted twice. The singular spheres of the complex 
are the spheres common to 

«4 {A + 4) + «6*6 = 0, at {x\ + xl) + a\x\ = 0, 

hence they form the congruences 

a; 4 -f- ix 5 = x 6 = : x t — ix$ = x 6 = . 

The double spheres consist of one generation of the Dupin cyclide together with 
the two spheres common to 

*£j — ■ Xg — - Xft — *Cq — \J • 
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7- [(111)(111)] =:a 1 = a 2 = a 3 : a i = a l = a i . 

Since nf-^ — J = for all values of a, which satisfy F = 0, the complex con- 
sists of the tangent pencils of spheres tangent to a Dupin cyclide.* 

II. 

Second Canonical Form. [11112] 

1. n = xf +4+4+4 + 2x 5 x 6 = 0, 

F = a x x\ + a%4 + a-z4 + ®i4 + 2a & x 5 x e + x\ = , 



,2 ™2 



f—- X l I x 2 i #3 . %l 

^ + aj "^ & + a 2 k + a s k + 



a 4 



..2 



2x5X6 ___ gjj „ 
"^ k+as (k+a 5 f ~ V - 

The surface of singularities is the transform of the nodal cyclide, it is of order 
and class 20 and passes 10 times through K. It can be generated in five ways 
as the envelope of » a spheres, one of which is special, i. e. the linear complex of 
the congruence is a special complex. For this generation, the developable of 
bitangent planes becomes extraordinary (simple tangent planes). The transform 
of the conical point of the cyclide is a double sphere of the transformed surface. 
If x 5 = is the complex of planes, the surface is the Laguerre surface dis- 
cussed by Smith.f That it is the Laguerre transform of the central quadric 
can be seen by making 

Xi, x 2 , x s , x it x§, x @ = £, r\ , £ , A , (ii, V\. 
Then put Jc = — a i and we have 

* = (>.-£-- + .i + JL + ^L.^ , = . 

Eliminating (i^ by means of II and dividing by v, we have the point equation 
of a central quadric. By an (E), this quadric transforms into the surface dis- 
cussed by Smith in the Annals. 

* Snyder, Bulletin of the American Mathematical Soc, Vol. 4, page 146. 

t Annals of Mathematics, ser. 2, Vol. 1, page 153. This surface was also discussed by E. Miiller, Monats- 
hefte der Math. u. Physik, 1898, Vol. 9, "Die Geometrie orientierter Kugeln nach Grassmannschen Metho- 
den," cf. 7, page 294 ff. 
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2. [(11)112]. ai = a 2 . 

In 1, if ccj = is the complex of points, the surface is a nodal cyclide, and 
the focal line on the fundamental sphere of x z has a double point. [(11) 112] 
is then this focal line which, by (A), transforms into an annular surface with 
two double directrices and a double generator. It is of order and class 1 2, has 
two general developables of bitangent planes, one extraordinary one and finally 
one which degenerates into four planes. The locus of centers is a quartic with 
a double point. The surface can be generated in three ways as the envelope 
of oo 2 spheres, one of which is special, and in one way as the envelope of oo 1 
spheres. This surface is also the transform of the central conic since 11112 is a 
quadric if x x = /I, £c 5 = v v 

If the focal line lies on the sphere whose points transform into planes, the 
surface becomes the developable of order 6, circumscribed to a sphere along a 
nodal sphero- quartic. This is the Laguerre transform of a cone with a minimum 
tangent plane. The surface has two double conies, its lines of curvature are of 
order 12. 

If a? 5 = o is the complex of planes, the surface is the Laguerre transform of 
the central quadric of revolution. It is an annular surface of order 8, class 4, 
has two plane directrices and, consequently, the lines of curvature are plane 
curves of order 8. It has two finite conies and iT for double lines. If a^ = is 
the complex of points, then the surface reduces to a conic. By an (E) the latter 
becomes the same surface as the transform of the quadric of revolution. 

It is to be noted here that there are two entirely distinct Laguerre surfaces 
corresponding to the same symbol [(11) 112]. If the complex of planes is one 
of the special complexes belonging to the congruence x x = 0, x % = 0, the surface 
is enveloped by oo 1 planes. By no Laguerre transformation can one be trans- 
formed into the other. 

3. [111(12)]. ai = a 5 . 

The general nodal cyclide has a focal line on the point sphere a; 5 . If a* 4 be 
the complex of points, the cyclide reduces to this focal line. In this case, c 4 cuts 
each generator of the cone in two points, and the spheres on which c 4 lies coincide 
in the point sphere a%. By {A), c 4 transforms into a surface with coincident 
double directrices. It is of order and class 16, passes 8 times through K. It can 
be generated in three ways as the envelope of oo s spheres, it has two general 
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developables of bitangent planes and one which degrades. The double curves 
are three sphero-quartics and the circle of contact with the directrix which is 
tacnodal. 

Since the focal line lies on a point sphere, the developable cannot be gene- 
rated as in the preceding cases, for (7) would be the only transformation that 
could be used and this would transform c 4 into a minimum developable. By an 
(I) with center at <c 5 , the cyclide [ill (12)] transforms into a quadric cylinder 
which by an (E) transforms into a developable of order 8. 

In this case the directrices coincide in the plane at infinity. The develop- 
able has three finite double conies, and since parallel tangent planes of a cylinder 
transform into parallel planes, through a line at infinity, which is tangent to the 
surface, pass two planes of the developable and, consequently, the curve at infinity 
must be double ; as the total double curve is of order 8, that in the plane at 
infinity must be a conic. 

If Xi = is the complex of points and x s = the complex of planes, the 
Laguerre surface [11112] is a general quadric. Consider the quadric as gene- 
rated by its tangent planes, then [111 (12)] will be the point planes which cir- 
cumscribe the quadric, i. e. the minimum planes which are tangent to the 
quadric. Hence, the surface [ill (12)], when cc 4 = is complex of points, is the 
focal developable of the general quadric. It is of order 8, class 4, has three 
finite conies and K for double lines. This is the minimum developable into 
which (/) transforms the focal line on the point sphere a%. 

4. [(11)(11)2]. a 1 = a z , a 3 = a A . 

The cyclide [(11) 112) has a focal line on a; 4 which breaks up into a circle 
and two minimum lines. Therefore, the surface of singularities of the general 
complex [(ll)(ll) 2] consists of a Dupin cyclide and a skew quadrilateral of 
minimum lines. 

The developable Laguerre surface consists of a cone of revolution and two 
finite minimum lines and the infinite line in their plane counted twice. 

When a3 B = is the complex of planes, we obtain immediately from the 
equations that the Laguerre surface consists of a cone of revolution and a quadri- 
lateral inscribed in K. 
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5. [1(11)(12)]. « 2 = « 3 . «4 = «5- 

The cyclide [111 (12)] has two tangent circles for focal line on the sphere 
x 3< therefore, the surface of singularities of the complex [1 (11)(12)] consists of 
two Dupin cy elides which have two consecutive spheres and, consequently, a 
circle in common. 

When the complex of planes belongs to the congruence x s = 0, x 3 = , the 
Laguerre surface consists of two cones of revolution, tangent along a generator. 

When x & = is the complex of planes, the surface consists of two cylinders 
of revolution. 

If jc 4 = o is complex of points and x 5 = complex of planes, the surface be- 
comes the focal developable of the general quadric of revolution. It consists 
of two minimum cones having their vertices at the foci of a meridian section. 

6. [(111)12]. a 1 = a z =a 3 . 

The spheres of the series x t = x 6 = a% = are double for the surface, there- 
fore, the surface of singularities is a Dupin cyclide counted twice. 
The Laguerre surface is a cone of revolution counted twice. 
The complex may be written 

a±x\ + 2a- x 5 x 6 + af =0 . 
It is seen that any sphere of the complex is given by 



x± : a; 5 : a? 6 = \/a 5 (2(ia 5 — i) : V 'a 4 a 5 : — 2(i*/a i ((i\/a 5 — i) , 

giving oo 1 linear congruences ; the sphere (0, 0, 0, 2p, 2, p 2 ) is any sphere of the 
cyclide x x = x % = x s = and is touched by the spheres of the preceding con- 
gruence, provided that 

Va 4 a 5 p 2 + Waji (fiVa 5 — i) — 2p/s/« 5 (%V« 5 — ») = °- 

This equation defines an involution [2] , which has two coincident double ele- 
ments. 

7. [(111)(12)]. a x = az = a 3 , a t = a 5 . 

In this case the involution is defined by 

(pi-p 2 ) a + -^- = o. 

which has all its double elements coincident. 
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8. [11(112)]. a 3 = a 4 = a 5 , 

F = a x x\ + a % x% + a;| = 0. 

The singular spheres are those which belong to F~ and satisfy 

a\x\ + a%4 — 0. 



Thus the singular surface consists of the Dupin cy elide x x = x 2 = x 5 = 0, which 
degrades into a skew quadrilateral of minimum lines. The Laguerre surface 
consists of a quadrilateral inscribed in K. The complex is composed of the oo 1 
congruences 

x x -+- *«8 = 2p£C 5 , Xi — ix % — %GX 5 , 

where p and a are connected by the relation 

a 1 {p + Gf-a 1 ( p -af+ 1 =0. 

Hence the complex is composed of spheres which touch corresponding spheres 
of two pencils which are in (2, 2) correspondence. The correspondence has two 
of its four double elements in coincidence 

9. [(1 1)(1 1 2)] . (n = a t , a s = a i = a 5 . 

This complex consists of the singly infinite number of congruences 

2\/ a i (»i + ix 2 ) = px 5 , 2\Za a (a^ — ix % ) = se B . 

The directrices of these congruences form a tangent pencil of spheres and are in 
(1, 1) correspondence. Therefore, the complex consists of those spheres which 
touch corresponding spheres of two projective tangent pencils. The surface of 
singularities is same as [11 (112)]. 

III. 
Third Canonical Form. 

i. C 1113 ] 

F = a x x\ + a % x% + a % x\ + a± {x\ + 2x i x 6 ) + 2a: 4 as 5 = , 
n = se5 + ag + a| + a$ + 2x i x & = °. 

/• 3q I &g I ^3 I ^ ~r 2a? 4a; 6 2a? 4 a? 5 . a? 4 _ 

J ~~ h + «i h + Og & + a 3 & + «4 (&+ a 4 ) 2 (& + a 4 ) 3 ~ ' 
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The surface [1113] is the transform of the cyclide with a general biplanar 
point. The biplanar point transforms into a cuspidal sphere, as may be seen by 
considering the transform of every plane section through this point. They 
will all have the transform of this point for cuspidal sphere and will envelope the 
surface. It is of order and class 18, can be generated in four ways as the 
envelope of a doubly infinite number of spheres, one of which is special. The 
surface is the envelope of those spheres of the complex which touch a fixed 
sphere of the complex ; it has three general developables of bitangent planes 
and one extraordinary. 

If x 4 = is the complex of planes, the surface is the Laguerre transform of 
the paraboloid, as can be seen by transforming one of the fundamental com- 
plexes *i = 0, say, into the complex of points. Then the surface becomes the 
envelope of 

A- + .A- + 2x * x \ + ^3 = o, Xl =o. 

a — a a — a (a — ay (a — ay 
Or, using £, >?, £, "k, u, v, the points of the complex envelope, the paraboloid 

x * + f _ 2g + _L_ = . 

a 2 — a a 3 — a-y (a 4 — a x f (a 4 — aj) 3 

Since the paraboloid has two planes of symmetry, the surface is sibireciprocal 
under three inversions and, therefore, has three double conies. Since the para- 
boloid is tangent to the plane at infinity, the transformed surface will have K 
for simple line. It is of order 10, class 4. 

2. [(11)13]. ai = a z . 

The cyclide [1113] has for focal line on the fundamental sphere of x 2 — 0, 
a quartic c 4 with a cusp, then the general surface [(11) 13] will be an annular 
surface which has two double spherical directrices and a cuspidal generator. It 
is of order and class 10, can be generated in two ways as the envelope of oo a 
spheres, one of which is special and in one way as the envelope of o° J 
spheres, it has one general developable of bitangent planes, one extraordinary, 
and one which degrades. The locus of centers is a skew quartic with a cusp. 

If the quartic lies on the sphere whose points transform into planes, the 
surface becomes the developable of order 5, touching a sphere along a sphero- 
35 
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quartic with a cusp. It has one double conic. The cuspidal edge is a quartic 
having a cusp. 

If x t = is the complex of planes, the surface is the Laguerre transform of 
the paraboloid of revolution or of the parabola. It is of order 4, class 5, contains 
one double conic. 

3. [11(13)]. a 3 = ai. 

The cyclide [1113] has a focal line on the point sphere xi (minimum cone 
having a; 4 for vertex), which has a double point at the vertex. Each generator 
of the cone cuts the quartic in but one point aside from the vertex. Then the 
general surface [11 (13)] will be an annular surface with a single directrix, 
which is also a double generator. It is of order and class 12. 

If Xi = is the complex of planes, the surface is the Laguerre transform of 
the parabolic cylinder. It is of order 6, class 4, has two doube conies. The 
director sphere coincides with the plane at infinity. 

If x 4 = is the complex of planes and x z = complex of points, the surface 
is the focal developable of the paraboloid. It is of order 6, class 4, has two 
finite double conies; 2T is simple line on the surface. 

4. [1(113)]. a % — a z — a^ 

F—a x x\ + 2x 4 a; 5 =0. 

The singular spheres satisfy F— and 

a\x\ + x\ = . 

Thus the surface of singularities consists of the Dupin cyclide x x = « 4 = a% = 0, 
which degrades into a skew quadrilateral of minimum lines. 

The spheres of the complex belong to the single infinite number of linear 
congruences, 

«i ( x s + *»i) + 2 /"»4 («i^ — *) = ° ' 
a 1 (x & — ix^) -f- 2(iXi (a^ti + i) = . 

The directrices of these congruences form two pencils in (2, 2) correspondence. 
Thus the complex is made up of spheres which touch corresponding spheres of 
two tangent pencils in (2, 2) correspondence. 
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5. [(11)(13)]. ^ = 0^, a 3 = a i . 

The focal line of the cyclide [11 (13)] on the sphere x z breaks up into a 
circle and two minimum lines which intersect on it, therefore, the general sur- 
face [(ll)(13)] consists of a Dupin cyclide and skew quadrilateral of minimum 
lines lying on one of its generating spheres. 

The Laguerre surface consists of a cone of revolution and two minimum 
lines lying in one of its generating planes. 

If a3 3 = is the complex of points, the surface is the focal developable of 
the paraboloid of revolution. It is a minimum cone with focus as vertex. 

6. [(111)3] a 1 = a^ = a 3 

The surface of singularities is a Dupin cyclide counted twice. 
The singular spheres form the special congruences a- 4 = ir 5 = 0, together 
with a general linear congruence. 

The spheres of the complex are given by the equations 

ar 4 : a% : x 6 = a\ : 2^a 4 : — 2p (1 — /u\Za 4 ) , 

forming go 1 linear congruences; the spheres of such a congruence touch the sphere 
(0, 0, 0, 2p a , 2p, — 1) of the cyclide x x = x 2 = x 8 = 0, provided that 

4up 2 (1 + fV^) — 4/aa 4 p + «! = 0. 
If the roots of this equation are p lt p 3 , it is seen that 

(pi — Pa) 2 + — pipa (pi + Pa) = 
ct 4 

this is an involution [2], in which three double elements coincide. The La- 
guerre surface is a cone of revolution counted twice. 

IV. 

Fourth Canonical Form . [1122] 

1. F— OiiB? + a % x\ + 2a 3 x i x i + 2a i x & x e + x% + x\ = 0, 
II = x\ + x% + 2x z x± + 2x b x 6 = 0, 



S_ «\ , «f , 2a3 3 a; 4 x\ 

I 7. I „ "•" 7. i „ • 



h + aj k + Oa k + « 3 (k + a 3 J 

_i_ ._. 

k -f a 4 (k + a 4 ) 



2a; B a; 6 x\ 

T" 7. i „ a. i „ \a — "• 
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The surface of singularities is the transform of the non-annular binodal 
cyclide, therefore, it has two double spheres which touch each other. It is of 
order and class 16, can be generated in four ways as the envelope of o° 2 spheres, 
two of which are special; it has two general developables of bitangent planes and 
two extraordinary. 

If Xi = is the complex of points and x 3 = the complex of planes, the 
surface reduces to a quadric, which is tangent to K at one point, then by a La- 
guerre transformation this quadric inverts into a surface having a double plane. 
It is of order 10, class 4, has iTfor double line and has two finite double conies. 

2. [(12)12]. ai =a s . 

The cyclide [1212] has on the point sphere x 3 a focal line which has a 
double point, not at the vertex of the minimum cone. Therefore, the general 
surface is an annular surface which has coincident directrices and a double gene- 
rator. It is of order and class 1 2, can be generated in two ways as the envelope 
of oo 3 spheres, one of which is special; there are two developables of bitangent 
planes, one of which is extraordinary. The developable corresponding to the 
generation as the envelope of oo 1 spheres degrades into planes. 

If x 3 = is the complex of planes and x % = the complex of points, the 
surface is a quadric cylinder which is tangent to if in one point. By aLaguerre 
transformation this inverts into a developable of order 6, class 4, has one finite 
double conic and one in the plane at infinity. 

If x t = is complex of points the surface is the focal developable of a 
quadric which touches K. It is of order 6, class 4, has one finite conic and K 
for double curve. 

If x & = is the complex of planes and 0^=0 the complex of points, the 
surface becomes a quadric of revolution such that the two points of contact with 
K coincide. By a Laguerre transformation this inverts into an annular surface 
with coincident plane directrices, it is of order 8, class 4, contains K as double 
line and has one finite double conic. 

3. [(12)(12)]. a l = a t ,a, = a i . 

The cyclide [12(12)] has a focal line on the point sphere x s consisting of 
two tangent circles. Therefore, the surface of singularities of the general com- 
plex [(12)(12)] consists of two Dupin cyclides which touch along a circle (since 
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they have consecutive generating spheres in common), and as the two directrices 
coincide, they must intersect along a circle of the second system, i. e. the cyclides 
have a circle of each system in common. 

If x s = is the complex of planes, the surface is given by 

°* +,*** + 4 +^ = ^=0,^=0, 

which is two lines lying in a minimum plane. By a Laguerre transformation, 
these transform into two cones of revolution having a generating sphere and one 
generating plane in common, 

4. [(11)22]. o 1 = o 2 . 

The cyclide [1122] has a focal line on the sphere x 2 which degrades into a 
cubic and a double secant. Therefore, the general surface has a single and a 
double directrix. It consists of an annular surface of order and class 8, and two 
minimum lines, one on each directrix, which belong to two non-consecutive 
generators of the annular surface. 

If the sphere x z is the sphere whose points transform into planes, the cubic 
inverts into a developable of order 4, class 3, and the line inverts into a minimum 
line which lies on the directrix sphere of the developable. 

If ajj = is the complex of points and x 3 = the complex of planes, the 
surface becomes a conic passing through one of the circle points. By a Laguerre 
transformation this becomes an annular surface of order 6, class 4. 

5. [11(22)]. 03 = a 4 . 

The cyclide [11 (22)] is ruled and has a double minimum line. By a trans- 
formation (A) , the minimum line d transforms into two lines d', d", and a line 
cutting d transforms into two lines, one cutting d! and one cutting d", and the 
pair of lines, cutting d in the same point, transform into two pairs of lines, one 
pair intersecting on each line d' and d". Two lines intersecting on K invert 
into two pairs of lines, each intersecting on K and one line of the pair cuts d! 
and the other d", therefore, there is a (2, 2) correspondence between d! and K 
and between d" and K. Hence, the surface of the singularities consist of two 
ruled cyclides. 
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If x 8 = is the complex of planes and x t — o the complex of points, the 
surface is a cone with vertex on K, and by an (E), it transforms into two such 
cones. 

The equation of the complex is 

a x x\ + a 2 a| + x\ + asf = , 
and, therefore, can be broken up into the congruences 



— (iVa^Xi — iftVa^g + (jK 2 \/ai (V«i + «/a 2 ) + V«i — V« 2 ) «3 

+ i (^ 2 \/«iV'« 1 + \/a 2 ) — \fa x -f- \Za 2 ) £c 3 = 0, 
\t*Ja$L % x x + */k ^/a x a z x z -f (^ 2 \/ai (\/«i — V^) + V«i + ^#2) #3 

+ i (/tt 2 \/«i (V«i — \/a 2 ) — V«i — */«») x 5 = . 

The directrices of these congruences form two ruled cyclides which are pro- 
jective with each other. Therefore, the complex consists of those spheres which 
touch corresponding spheres of two ruled cyclides which are projective with 
each other. 

6. [(112)2]. a 1 = a z — a 8 . 

The surface of singularities belongs to the series x 8 = x± = x h = , and, 
therefore, consists of a skew quadrilateral of minimum lines counted twice. 

If jc 5 = is complex of planes, the Laguerre surface is a quadrilateral 
inscribed in K. If x 3 = is complex of planes, the Laguerre surface is two finite 
minimum lines which intersect and the line at infinity in their plane counted 
twice. 

The complex is formed of spheres which belong to the congruence 

(ix 3 + x 5 = 0, 2fUhfe i — ((/ + 1) x 5 = 0, 

and is, therefore, formed of spheres which touch paired spheres of two pencils in 
(1, 2) correspondence, which have a common self-corresponding element. 

7. [1(122)]. a i = a 3 = a i . 

The singular spheres belong to the series x x = x 8 = x 5 = 0, and the surface 
is two minimum lines, each counted four times. 

If x 8 = is the complex of planes, the surface becomes a finite minimum 
line and a line in the plane at infinity cutting it, each counted four times. 
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8. [(11)(22)]. a 1 = a i> a 3 = a i . 

In the cyclide [11 (22)] there is a focal line on the sphere x 3 consisting of 
two skew lines and one of their secants counted twice. Therefore, the surface 
of singularities of the general complex [(11)(22)] consists of two skew quadri- 
laterals of minimum lines having two common sides. The complex is formed of 
spheres which belong to the complexes 

au (x x + ix z ) + x 3 + ix 5 = , 
«i (*i — £>"») — i" (*s — w^s) = ° • 

The directrices of these congruences form two projective tangent pencils of 
spheres so related that one of the minimum lines enveloped by the first pencil 
cuts one of the minimum lines enveloped by the second pencil. 

V. 

Fifth Canonical Form. [114] 

1. F-i = a x x\ + a 2 xl + 2og (x 3 x 6 + x 4 x 5 ) + 2x 3 x 5 + x\ = 0, 
II = x? + xf + 2xsX e + 2x 4 x 5 = , 

_ x\ , x\ , 2x 3 x 6 + 2x 4 x 5 2x3X5 + x\ 



J k + aj ~ r k + a 2 ~ r " k + a 8 ' {k + a 3 ) 3 

2x s 
(k + a,) 8 (k + a 3 ) 



_i_ 2X3X4 x 3 n 

«" /7» ^L ^ \3 / J, 1 „ \4 — U • 



The surface of singularities is the transform of the cyclide with a special 
biplanar point. It is, therefore, of order and class 16. The biplanar point 
inverts into a sphere analogous to a tacnode, as we shall see in the case [(11) 4]. 
The surface can be generated in three ways as the envelope of 00 2 spheres, one 
of which is special ; it has two general developables of bitangent planes and one 
extraordinary. The surface is the envelope of spheres which touch a singular 
sphere of a quadratic complex (obtained by putting k = — a 3 ) . 

If x! = is the complex of points and x 3 = the complex of planes, the 
surface reduces to a paraboloid, which is tangent to the plane at infinity at a 
point of K. By a Laguerre transformation, this inverts into a surface of order 9, 
class 4, containing K as simple line ; it has two double conies. 
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2. [(11)4]. a 1 =a i . 

The cyclide [114] has a focal line on the sphere x % consisting of a twisted 
cubic and a minimum line tangent to it. Therefore, the general surface consists 
of an annular surface of order 8, and two minimum lines lying on two consecu- 
tive generating spheres. The surface can be generated in one way as the envel- 
ope of co 3 spheres ; it has no general developable of bitangent planes, but has 
one extraordinary and one which degrades. 

If the cubic and tangent lie on the sphere whose points transform into 
planes, the surface becomes a developable of order 4 and a minimum line. 

If x 3 = is the complex of planes and x 1 = is the complex of points, the 
surface becomes a parabola tangent to the line at infinity in one of the circle 
points. By a Laguerre transformation this inverts into a surface of order 5, 
containing iT as simple line. 

3. [1(14)]. a z = a s . 

The cyclide [114] has on the point sphere x s a focal line having a cusp at 
the vertex of the minimum cone. Therefore, the general surface [1 (14)] is an 
annular surface with a single directrix which is also a cuspidal generator, it is 
of order and class 10. 

If x 3 = is the complex of planes and x x = the complex of points, the 
surface becomes a parabolic cylinder whose generator in the plane at infinity is 
tangent to K. By a Laguerre transformation this becomes a developable of 
order 5, class 4, having one double conic. The cuspidal edge is a quartic having 
a cusp. 

If x z = is the complex of points, the surface is the focal developable of a 
paraboloid which is tangent to the plane at infinity in a point of K. It is of 
order 5, class 4, has one double conic and contains if as simple line. 

4. [(114)]. ai = a 2 = a 3 . 

The surface of singularities belongs to x 3 — a; 4 = a% = and, therefore, con- 
sists of a skew quadrilateral of minimum lines counted twice. 

If a- 3 = is the complex of planes, the surface is a quadrilateral inscribed 
in K. 

The complex consists of the singly infinite number of congruences 

2sc 3 — (1X1 = 0, 2x3 — (i 2 x 5 = 0. 
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The directrices of these special congruences form two tangent pencils in 
(2, 1) correspondence having a self-corresponding element. The involution 
formed by the pair of elements of the first pencil corresponding to the elements 
of the second pencil, has the common self-corresponding element for double 
element. The complex is, therefore, composed of those spheres which touch cor- 
responding spheres of two tangent pencils in (2, 1) correspondence having a self- 
corresponding element. 

VI. 

Sixth Canonical Form. ['23] 

1 . F = a x x\ + 2a % xgc 3 + x\ -f «% (2x i x 6 + xf) + 2x 4 x 5 = , 
II = x\ + 2x z x 3 + 2x 4 x t -J- xl — , 

f — gf 4. feggg _ a! i 2a; 4 a? 6 + x\ 
J k + ai k + a 2 (k + ajf "*" k + a 3 

_ 2xjX & , xl __ . 
(k + a 3 f^(k + a 3 f U - 

The surface is the transform of the cyclide, which has a conical and a 
general biplanar point ; it, therefore, has a double and cuspidal sphere which 
touch. It is of order and class 14, can be generated in three ways as the envel- 
ope of oo 2 spheres, two of which are special, and has one general developable of 
bitangent planes and two extraordinary ones . 

If x 2 = is the complex of planes and x x = the complex of points, the 
surface becomes a quadric which has three points contact with K. By a Laguerre 
transformation, this becomes a surface of order 9, class 4, has a cuspidal plane, 
has K and a finite conic for double curves. 

If a; 4 = is the complex of planes the surface becomes a parabaloid tangent 
to K. By a Laguerre transformation, this becomes a surface of order 8, class 4, 
containing iT as simple line. It has one double conic and one double plane. 

2. [(12)3]. a 1 = a z . 

The cyclide [123] has a focal line on the point sphere a; 2 which has a cusp 
not at the vertex of the minimum cone. Therefore, the general surface [(12) 3] 
is an annular surface which has coincident directrices and a cuspidal generator. 
It is of order and class 10. 
36 
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If x i = is the complex of planes, and ccj = the complex of points, the 
surface becomes a general parabola lying in a minimum plane; by a Laguerre 
transformation this becomes an annular surface with coincident plane direc- 
trices. It is of order 6, class 4, and contains iT as simple line. 

If a; 2 is on the fundamental sphere of (A) the surface becomes one with a 
five-fold point at x z . By a transformation by reciprocal radii, this inverts into 
a developable of order 5 (the Laguerre surface if x 3 = is complex of planes). 

3. [(13) 2]. oj = a 3 . 

The cyclide [123] has a focal line on x t consisting of a cubic and a secant. 
The general surface is the same as [(11) 22] except that the directrices coincide. 

If a; 4 = is the complex of planes, the developable is of order 4. 

If x± = is the complex of points, the developable becomes the focal devel- 
opable of a paraboloid tangent to K. It is of order 4, class 3, has E for simple 
line. 

If x % = is the complex of planes, the annular surface is of order 6. For 
if x t is on the fundamental sphere of (J.), the transformed surface will have in 
x 2 a four-fold point arising from the union of two conical points, but the minimum 
line goes through this point, therefore, the annular surface has this point for 
conical point, and by an (I) with centre at x 2 , the surface inverts into an annular 
surface of order 6. 

4. [1(23)]. a % —a z . 

The cyclide [l (23)] is ruled, and for same reason as [11 (22)], the general 
surface consists of two such cyclides. The double line in this cyclide is simple 
directrix and simple generator. 

The Laguerre surface, as in [11 (22)], consists of two parabolic cylinders 
with vertex on K. 

5. [(123)]. a 1 = a z = a 3 , 

F= x% — 2a%a5 5 = , 

"(£)=«■=•• 

The surface of singularities belongs to the series x z — x± = sc 5 = and since A* 

* See Snyder, '< Criteria for Nodes," etc., Annals of Math., 1897. 
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and its first minors vanish, the quadrilateral becomes two intersecting minimum 
lines counted four times. 

If x% = or a; 4 = is the complex of planes, the surface is a line at infinity 
counted four times. 

VII. 

Seventh Canonical Form. [15] 

1. II = asf + 2x i x i + 2x 3 x 5 + x\ = , 

F = a x x\ + a z (2x 2 x a -f 2.r g a5 5 -+- x\) + 2x % x 5 -f 2a%a: 4 = , 

, _ asf , 2x z x 6 + 2a%a; 5 + aj _ 2x^ + 2j- 3 x 4 
" k + % & + a 3 (A + « 2 ) 3 

I 2x%x± -f- a?3 _ 2x%x% , a^j « 

"*" (i + a 2 )* (k + a 2 y + {k + a 2 ) 5 _U - 

The surface of singularities is the inverse of the cyclide, which has a special 
biplanar point. The surface is of order and class 14; it can be generated in 
two ways as the envelope of o° 2 spheres, one of which is special, therefore, it has 
one general developable of bitangent planes and one extraordinary one. 

If Xx = is complex of points and x 2 = the complex of planes, the surface 
becomes a paraboloid, which is tangent to the plane at infinity in a point of K, 
and one of the lines in the plane at infinity is tangent to K. By a Laguerre 
transformation, this transforms into a surface of order 8, class 4, having one 
double conic and having iT for simple line. 

2. [(15)]. a 1 =a z . 

The cyclide [15] has a focal line on the point sphere x % consisting of a 
twisted cubic and a minimum line tangent to it. The general surface consists of 
an annular surface as in [(11) 4] except that the directrices coincide. 

The Laguerre surface is a developable of order 4, and a minimum line. 
This differs from [(21) 4] in having the director sphere coincide with the plane 
at infinity. 

If Xi = is the complex of points and jc a = the complex of planes, the 
Laguerre surface becomes the focal developable circumscribed to the paraboloid 
[15]. It is of order 4, contains iTas simple line. 
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VIII 

Eighth Canonical Form. [222] 

1. F — 2a 1 x 1 x s + 2a i x 3 x i + 2a 3 o%;r 6 + x\ + x% + x\ = 0, 
FT = X X X % + XjXi + x s x 9 = . 

If a 5 = is the complex of planes the surface is the Laguerre surface hav- 
ing two double planes, and as the Laguerre surfaces are of class 4, two double 
planes will reduce the order of the surface to 8. The minimum line common to 
ajj = x 3 — x 5 = is also a part of the surface, since these spheres are all singular 
spheres. The presence of this line does not reduce the order nor class of the 
residual surface. 

By an (/), this inverts into the general surface of singularities, which is, 
therefore, of order and class 1 2, passes six times through K. The minimum line 
enveloped by x x = a% = a% = is also a part of this surface. The surface can 
be generated in three ways as the envelope of » 3 spheres, two of which are 
special. It has three double spheres which have a minimum line in common. 

2. [2(22)]. 08 = 0,, 
F= <kt x x x % % + 4 + 4 + 4-0, 

/=^-(«^ + ^ + ^ = '^ = '^ = - 

Since x 3 = 0, x 5 = , we have at once from II either x x = or x % = . In 
the first case, spheres which belong to x x = x s = x 5 = and /, from two tangent 
pencils of spheres which have a sphere in common. In the second case, spheres 
which belong to x % = x 3 — x 5 = and /, form a ruled cy elide. Hence, the surface 
of singularities consists of two tangent pencils of spheres and a ruled cyclide. 

The complex may be broken up into the congruences 

«i — (1x3 — 1(1x5 = 0, 

Zaifixz + (I + {i 2 )xs — i {I — (i 2 ) Xs = 0, 

the directrices of these congruences are 

S = {0, 1, 0,-^,0, —;<«), 

S=(2a[i, 0,0, 1+^,0, —i(l— (i*)). 

The spheres S' form a tangent pencil. The spheres S form a ruled cyclide. 
Therefore, the complex consists of spheres which touch paired spheres (S 1 , S). 
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The pencils and the cyclide have a self-corresponding sphere. If the sign of i 
be changed, i. e. if the congruences be found in another way, we get the same 
ruled cyclide but a different pencil. The two pencils have a sphere in common 
thus the complex can be generated in two ways as above. 

3. [(222)]. ai = a s = a 8 . 

F=x\ + xt + xl = 0, 



*© = 



Every sphere of the complex is singular, and as Xi , x 8 , a? B are special and in 
involution, the surface is generated by spheres which have a minimum line in 
common and which satisfy a quadratic complex. This is the ruled cyclide. 
For, if /S lt £%, S 5 be three such spheres, then any sphere can be represented by 

S t = ZgSj + x t s 3 + avs = > 
■rt = x x x % + x 3 Xi + a- 5 a3 6 = . 

The spheres $ belong to x x = x% = x 5 = and, therefore, the envelope subject 
to the quadratic relation is 

which is a ruled cyclide, since s u s 3 , s 5 have a minimum line in common. 

IX. 

Ninth Canonical Form. [33] 

1. F—a x {2x 1 x z + x\) + 2xjX 2 + a 2 (2a5 4 a5 6 + jc§) -f- 2a; 4 x 5 = , 

II = 2X& + X\ + 2£C4» 6 + »f = 0, 

, _ 2x x x z -f- A ggigg x\ , 2a; 4 a; 6 + <4 

i 7. _L ^ n. J „ \s T //. I „ \3 1" 7. I „ 



&+a (/t + aj) 8 ^ (A; + ai) 3 ' & + a. 



8 



2*4*6 _, *4_ _ q 



{k + a s f ' (& + a 2 ) 3 

If <k 4 = is the complex of planes, the surface is a Laguerre surface having 
a cuspidal plane. The surface [1113] is of order 10, and as a cuspidal plane 
reduces the order of the surface three, the order of the surface [33] is 7. 

By an (/), this inverts into the general surface of singularities, therefore, 
the general surface of singularities is of order and class 12, passes six times 
through K. It has two cuspidal spheres which touch each other. 
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2. [(33)]. <h = a t , 

F — Xi,x % ■+• a3 4 aj 5 = 0. 

The complex may be decomposed into the congruences 

*i + *4 2/tt«a = , x 1 — x i ~2i^ = 0, l« 2 — x! i + ixi,x' 6 = xl i — ixQ. 

The directrices of the congruences are 

£, = (0,0, 1, 0, 2/1, 1), 

S t = (0, —2i[i, 1, 0, 0,-1), 

and form two tangent pencils of spheres in (l, 1) correspondence such that 
the sphere T x =(0, 0, 1, 0, 0, — 1) touch all the spheres S lt and the sphere 
r=(0, 0, 1,0, 0, 1) touch all the spheres S 2 . 
If the congruences were 

JCj + fiXi = 0, fix z — x 5 = , 

the directrices all coincide in the pencil. S=(0, 0, 1, 0, 0, (i) . The two 
minimum lines enveloped by this pencil are such one belongs to S x and the other 
to S%. Therefore, in the surface of singularities, these lines count as triple line 
and the other two as simple lines. 



Tenth Canonical Form. [24] 

1. F= 2a 1 x l x 2 + x\ + a z (2x<jx s + 2«c 4 a; 5 ) + 2x 3 x & + x\ = , 
II = x x x % + x 3 x§ + x^ = 0. 

In this case there are two Laguerre surfaces according as x t or x s is the 
complex of planes. The first is a surface with a tacnodal plane, and, therefore, of 
order 8, it has K for double line. The second differs from [114] by having a 
double plane and, therefore, is of order 7, and has K for simple line. 

By an (/), these invert into the general surface which is, therefore, of order 
and class 12; has one double and one tacnodal sphere. In this case, as in the 
case [222], a minimum line forms part of the surface. 

2. [(24)]. ai =z ai , 

F=xf + 2x 3 x & + xl = 0, 
f =xl -I- 2a? 4 x 6 + ac| = , x x = 0, x 3 — 0. 
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Either as 4 = or x 5 = 0. In the first case spheres common to x 1 = x 3 = x* 
and / envelope two tangent pencils; in the second case, spheres common to 
x i = x s = ^s a °d / form a ruled cyclide. 

The complex consists of the congruences 

2/ix 3 — x x — ixi = , 2px x — 2fi 2 x s + x 5 = . 
The directrices of these special congruences are 

# = (0,-1,0, 0,— t, 2[i), 

# = (0,2^,0, 1,0,-2^). 

The spheres /Si form a tangent pencil and the spheres S z form a ruled cyclide. 
# has one sphere in common with S. z , viz. (0, 0, 0, 0, 0, 2) and the sphere of # 
touch no other sphere of S z . The congruences might also have been 

2fix 3 — x 1 + ix± = 0, 2fiXi — 2(i 2 x 3 + x 6 = 0. 

The directrices in this case are 

# = (0,— 1, 0, 0,t. 2(i), 
S z = (0, 2(i, 0, 1, 0,- 2^ 8 ). 

The ruled cyclide is the same in each case, and iS[ and $ have the same 
sphere in common with the cyclide. The spheres /Si touch all the spheres S[, 
i.e. the two pencils have a minimum line in common. 

The complex can be generated in two ways by spheres which touch cor- 
responding spheres of a tangent pencil and a cyclide projectively related. The 
cyclide and the two tangent pencils form the surface of singularities. 

XI. 

Eleventh Canonical Form. [6] 

1. II = «!»„ + x z x 6 + a%a 4 = , 

F= 2a x (x&e + x 2 x b + x 3 x 4 ) + 2x 1 x 6 + 2x z x i -j- x\ = 0, 

f _ 2 (ar^e + a; 2 x 6 + ayc 4 ) _ 2 x^ + 2 a%a ; 4 + x\ 2x x x± + 2j- a a: 3 

y k + a t ' (k + etf + (^ + a a ) 3 

_ 2^ + g| 2^ _ xf _ 

(k+atf - | "(^ + a 1 ) 6 (Jc + arf- ' 

It was seen that the surface [1122] becomes the surface [114] when the 
two double spheres become consecutive, in a similar manner the surface [222] 
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becomes [24] when two of the double spheres become consecutive. Thus the 
surface [6] has three consecutive double spheres which have a minimum line in 
common ; it is of order 1 2 and can be generated in one (special way as the envel- 
ope of oo 3 spheres. The minimum line enveloped by x x = x 2 — x 3 = is a part 
of the surface. 

The Laguerre surface is of order 8, class 4. 



XII. 

The following table contains a complete list of those surfaces which appear 
as surfaces of singularities of the quadratic complex. The cyclide and sphero- 
quartic are not included here, since they have been classified by Loria in the 
paper referred to. 

The following symbols are used: 

v x = complex of planes. 
II = plane at infinity. 
{E)=z Laguerre transform. 
$2 = central quadric. 
S z = paraboloid. 



% = complex of points, 
quad. = skew quadrilateral of mini- 
mum lines. 
<? 4 = Dupin cyclide. 
C 2 = cone of revolution. 



General. 


Order. 


Class. 


111111. General surface, 


24 


24 


11112. One double sphere, 


20 


20 


1113. One cuspidal sphere, 


18 


18 


114. One tacnodle sphere, 


16 


16 



15. Singularspherearisesfrom 
union of double and cuspi- 
dal sphere, 
1 1 22. Two double spheres, 
1 23. One double, one cuspidal 
sphere, 



33. Two cuspidal spheres, 12 12 



NON-ANNULAR SURFACES. 

Laguerre. 

No Laguerre surface. 
General Laguerre surface, 12 
(f)of5„ 10 

(E) of Sn, touching II in point 
_ofK, 9 

(E) of S 2 , touching II in point 

of K ; one generator in II 

tangent to K, 8 

(E) of S % touching K, 10 

If Xi = v, (E) of S % , touching 

K, 8 

If x 2 = v , (E) of S 2 having 

three point contact with K, 9 
One cuspidal plane, 7 



Order. Class. 



4 
4 



14 
16 



14 

16 



4 

4 



14 14 



4 

4 
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SURFACES WHICH CONTAIN A MINIMUM LINE AS PAET OP THE ENVELOPE. 



General. Order. Class. 

222. Three double spheres, 12 12 
24. One double, one tacnodal 

sphere 12 12 



6. Three coincident double 

spheres, 12 12 

ANNULAR SURFACES. 
(11) 1111. Two distinct double 

directrices, 16 16 

111(12). Coincident double 

directrices, 16 16 



11(13). Single directrix which 
is also a double generator, 12 12 



1(14). Single directrix which 
is cuspidal generator, 10 10 



(11)112. Two double directrices 

and double generator, 12 12 



(11)13. Two double directrices 

and cuspidal generator, 10 10 



Laguerre. Order. Class. 

Two double planes, 8 4 



If x 3 = v , one double plane, 
If x 1 = v , one tacnodal 
plane, 



DEVELOPABLES. 
(E) of quadric cone, 

If a* 6 = v , (E) of cylinder, 



7 

8 

7 

8 

8 



If <c 6 = v , a? 4 = A , focal devel- 
opable of central quadric, 8 
(E) of parabolic cylinder, 6 

If a- 3 = a,, focal developable of 
paraboloid, 6 

(E) of parabolic cylinder in 
which line in II touches K, 5 

If x z = X focal developable of 
S z touching II in point of K, 5 

If x 5 — v, (E) of S 2 of revolu- 
tion* __ 8 

If Xi + *»2 = v , (E) of cone 
with minimum plane, 6 

If x t = v , {E) of S z , of revolu- 
tion,* 6 

If x 1 + ix % = v , (E) of cone 
having three point contact 
with K, 5 



4 

4 
4 

4 

4 



4 
4 



4 
4 
4 

4 
4 

4 



* These surfaces are annular. 

37 



276 



Moore : Classification of the Surfaces of Singularities 



General. Order. Class. 

12(12). Coincident double di- 
rectrices and double gene- 
rator, 12 12 



(12)3. Coincident double di- 
rectrices and cuspidal gene- 
rator, 10 10 



Laguerre. Order. Class. 

If cc 5 = v, (E) of cylinder which 

touches K, 6 4 

If £c 3 = v, (E) of S 2 of revolu- 
tion with minimum axis,* 8 4 

If x 5 = v , x 2 = A., focal devel- 
opable of S 2 which touches 
K, 6 4 

If x, = v , x x = % , focal devel- 
opable of S 2 having three 
point contact with K, 5 4 

If Xi = v, (E) of above,* 5 4 

If sCi = v , (E) of parabola 
which lies in minimum 
plane,* 6 4 



FACTORABLE ANNULAR AND DEVELOPABLE SURFACES. 



(11) 22. One double, one single 
directrix, 8 



(11) 4. One double, one single 
directrix, 



2(13). Single directrix, 



If a? 5 = v , (E) of conic passing 
through one circle point, 6 

If x 1 + ix 9 = v , developable 
circumscribed to sphere 
along cubic, 4 

If x 3 = v, (E) of parabola 
passing through a circle 
point, 5 

If x x = ix 2 = v, developable 
circumscribed to a sphere 
along a cubic, 4 

If x z = v , annular, 6 

If x± — v, developable, 4 

If x± = v, x t — "k, focal devel- 
opable of #2 tangent to K, 4 



3 
3 
3 



* These surf acesjarei annular. 
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General. Order. Class. 

(15). Single directrix, 8 8 



Two <7 4 . 
(ll)(ll) 1 1. Two ^having two spheres 

of each generation in common. 
1(11)(12). Two G± touching along a 

circle. 



(12)(12) Two (7 4 touching along two 
circles. 



11 (22). Two ruled cyclides, the double 

line is double directrix. 
1 (23). Two ruled cyclides, the double 

line is single directrix and single 

generator. 

G t and quad. 
(11)(11)2. The quad belongs to two 

non-consecutive generators of C i . 



(ll)(13). The quad lies on one gene- 
rator of C 4 . 



2(22). A ruled cyclide: the quadri- 
lateral becomes two lines and a line 
cutting them counted twice. 

(24). Same as above 



Laguerre. Order. Class. 

If x 2 = v , Xi = % , focal devel- 
opable of $ 2 touching II in 
point of K and one gene- 
rator in II tangent to K, 4 3 

If x z = v, (E) of above, 4 3 

Two O t . 
Two G % having two common planes. 

If x 2 + ix 3 = v, two G % tangent along 

an element. 
If jc b = v , two cylinders. 
If x 5 = v , x± = X, focal developable of 

S % of revolution, i. e. two minimum 

cones with foci of meridian section 

for vertices. 
If x 5 =■ v, two G 2 having an element 

in common. 
If x & = v , x z = %, focal developable of 

cylinder which touches K. 
Two cylinders with minimum axis. 

Two parabolic cylinders with mini- 
mum axis. 

G % and quad. 

G 2 and two finite minimum lines and 
line at infinity in their plane count- 
ed twice. 

If x 6 = v, G 2 and quadrilateral in- 
scribed in K. 

If X, -f ixz = v , G % and two minimum 
lines lying in same tangent plane. 

If Xi= v, a: 3 = %, focal developable of 
the paraboloid of revolution. 

If Xi = v , <?2 and line in II . 

A cone with vertex on K. 



Same as above. 
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Gi Counted Twice. 
(111)111. The complex consists of 
spheres which meet paired spheres 
of Ci in an involution [2] . 

(lll)(ll)l. The complex consists of 
spheres which touch paired spheres 
of a C in an involution [2] having 
two pairs of double elements coin- 
cident. 

(111)(111). Complex consists of 
spheres which touch aDupincyclide. 

(111)(12). Same as (111) 111 involu- 
tion has two coincident double ele- 
ments. 

(11 1)(12). As above, involution has 
all its double elements coincident. 

(111)3. Involution has three double 
elements coincident. 

(222). Complex consists of those 
spheres which touch a ruled cy- 
clide. 



C % Counted Twice. 
The complex consists of those spheres 
which touch paired planes and of 
a cone of revolution in involution 

[2]- 
As above, the involution having two 
pairs of coincident elements. 



Complex consists of spheres which 

touch a cone of revolution. 
Same as (111) 111, involution has two 

coincident double elements. 

As above, the involution has all its 

double elements coincident. 
Involution has three double elements 

coincident. 
Complex consists of those spheres 

which touch a cylinder which has a 

minimum axis. 



SURFACES WHICH DEGRADE INTO MINIMUM LINES. 



(11)(11)(11). Two skew quadrilater- 
als. 

11(112). A quadrilateral counted twice. 
Complex formed by spheres which 
meet corresponding spheres of two 
pencils in (2, 2) correspondence hav- 
ing a self-corresponding sphere. 



1(113). As above, the (2, 2) corre- 
spondence has three coincident 
double elements. 



One finite quadrilateral and quadri- 
lateral inscribed in K. 

If x 5 —v, quadrilateral inscribed in 
K. 



If Xi + ix % = v, one of the lines be- 
comes tangent to K. 
As above. 



of the Quadratic Spherical Complex. 



279 



(11)(112). As above, the pencils are 

in (1,1) correspondence and have a 

self-corresponding sphere. 
(112) 2. As above. The pencils are 

in (i, 2) correspondence. 
1(122). Two intersecting minimum 

lines each counted four times. 

(ll)(22). Two skew quadrilaterals 

having two common sides. 
(114). Same as (112) 2. 
(123). Two intersecting minimum 

lines counted four times. 



(33). Two minimum lines counted 
three times and two counted once. 



As above. 



As above. 

A finite minimum line and a line at 
infinity which cuts it, each counted 
four times. 

Two minimum lines and one of their 
common secants counted twice. 

Same as (112) 2. 

If x 2 = v, quadrilateral in K counted 
twice. 

If se 4 = v , two finite intersecting mini- 
mum lines counted twice and line 
at infinity in their plane counted 
four times. 

One minimum line counted three times 
and one counted once. 



Cornell University, May 1, 1904. 



